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Abstract 
The triangular line graph T(G) of a graph G is the graph with vertex set E(G), with two 
distinct vertices eand f of T(G) adjacent if and only if the edges e and f belong to a common 
copy ofK 3 in G. For n/> 1, the nth iterated triangular line graph T"(G) of a graph G is defined as 
T(T n- I(G)), where T°(G) = G. In I-4] it is shown that the sequence of iterated triangular line 
graphs of a graph G converges to r disjoint copies of K 3, for some r/> 0. Here we determine how 
many iterations are required for convergence, and how many disjoint copies of K 3 are obtained. 
O. Introduction 
In this paper, G always denotes a finite, simple graph. Given a graph G, the line 
graph L(G) is obtained from G as follows: the vertices of L(G) are the edges of G, and 
two vertices are adjacent in L(G) if and only if their corresponding edges are adjacent 
in G. Since L(G) is a graph in its own right, one could certainly find its line graph, 
L(L(G)), too. This process may be repeated indefinitely, creating a sequence of iterated 
line graphs of G (see [1]). 
A variation on this theme is the H-line graph HL(G) of a graph F. Fix H to be some 
connected graph on three or more vertices. Like before, the vertices of HL(G) are the 
edges of G. This time, however, two vertices of HL(G) are adjacent if and only if the 
corresponding edges in G are adjacent and belong to a common copy of H. Note that 
HL(G) is a subgraph of L(G), and that HL(G) = L(G) when H = P3. As with the 
oridinary line graph, the process of finding the H-line graph can be iterated in- 
definitely. Creating this sequence of iterated H-line graphs gives rise to the interesting 
question of whether or not the sequence converges to some constant graph. In other 
words, if we continue the iterations long enough, will we eventually reach a graph 
G such that G _~ HL(G)? 
* Corresponding address: 10412 Christmas Drive, Huntington Beach, CA, USA. 
0012-365X/96/$15.00 © 1996 Elsevier Science B.V. All rights reserved 
SSDI 0012-365X(95)00220-0 
80 D. Dorrough /Discrete Mathematics 161 (1996) 79-86 
G 
T(G) 
r2(O) 
Fig. 1. 
When H = Ks, the H-line graph HL(G) of a graph G is called the triangular line 
graph of G, and is denoted by T(G). In this paper we study the sequence of iterated 
triangular line graphs of a graph G. It turns out that this sequence always converges to 
some number (possibly zero) of disjoint copies of Ka. In this paper, we determine 
exactly how many copies, and exactly how many iterations are required for conver- 
gence to occur. Our discussion of this topic begins with some preliminary definitions: 
Definition. The triangular line graph T(G) of a graph G is the graph with vertex set 
E(G), with two distinct vertices e and f adjacent in T(G) if and only if there exists 
a subgraph H of G with e, f  ~ E(H) and H ~ Ks. Any such subgraph H is called 
a triangle of G. 
Definition. Let T°(G) denote G. For integers n/> 1, the nth iterated triangular line 
graph Tn(G) of a graph G is T(T"-I(G)). 
Definition. The sequence T°(G),TI(G),T2(G) . . . .  of iterated triangular line 
graphs converges if there exists a nonnegative integer N such that whenever n ~> N, 
T"(G) ~ TN(G). 
For the graph G in Fig. 1, note that T"(G) ~- T2(G) for all n >1 2. Thus, the sequence 
of iterated triangular line graphs of G converges in two iterations. 
1. Counting cliques 
For n/> 1, F,(G) denotes the number of subgraphs of G isomorphic to K, (so 
FI (G) = ]V(G)[,/'2 (G) = ]E(G)] and F3 (G) is the number of triangles of G). The clique 
number of a graph G, denoted by to(G), is the largest n such that F,(G) ~ O. 
Lemma 1.1. For any graph G and all m >t 4, Fm(T(G)) = (m + 1)Fm+I(G). 
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Proof. Let H be a subgraph of G isomorphic to Kin+ t, and let V(H) = {vx . . . . .  Vm+ 1 }. 
For 1 ~< i ~< m + 1, there is a unique set of m edges of H incident o vi, and any two of 
these m belong to a common triangle in H (and therefore in G also). Thus, for 
1 ~< i ~< m + 1, T(G) contains a subgraph H* isomorphic to Kin, where V(H*) is the 
set ofm edges of H incident o vi. Clearly, for 1 ~< i ~<j <~ m + 1, V(H*) # V(H*), so 
each copy of Km+~ in G gives rise to exactly m + 1 copies of K,, in T(G). 
Let H* be a subgraph of T(G), H* ~- K,,, with V(H*) = {el . . . . .  era}. Then each 
pair of edges from the set {el, ... ,era} is adjacent in G, and thus, since m >~ 4, 
G contains a vertex v to which e~ . . . . .  e,, are all incident. Furthermore, each pair of 
edges from the set {e~ . . . . .  er,} must belong to a common triangle in G; hence, 
G contains a subgraph H isomorphic to K,,+ 1 with v ~ V(H) and e~, ... ,  e,, ¢ E(H). 
Since H is completely determined by v, el, . . . ,  era, each copy of Km in T (G) arises from 
a unique copy of Km+~ in G. [] 
Proposition 1.2. For any graph G, all n and all m >~ 4, 
(m + n)! 
F~(T" (G) )  = - -  r~+. (G) .  
rn? 
Proof. We fix some m/> 4 and proceed by induction on n. The statement holds 
trivially for n - 0. By Lemma 1.1 the statement is true for n = 1. Now suppose n ~> 2 
and 
F,,+I(T,_I(G) = (m + n)______~ v. F,.+,(G). 
(m + 1)! 
By Lemma 1.1, 
Fm(T"(G)) = (m + 1)Fm+I(T"-X(G)) 
. ,  (m + n)! _ 
= (m + l~tz+. (G)  
(m + n)! 
m! 
- -  rm+n(G) .  [ ]  
Lemma 1.3. For any graph G, Fa(T(G)) = F3(G ) + 4F4(G). 
Proof. Clearly, each triangle T in G will give rise to a triangle T* in T(G), where the 
vertices of T * are the edges of T. Now let H be a subgraph of G isomorphic to K4. Fix 
a vertex v ~ V(H), and let a, b and c denote the three edges of H incident to v. Each 
pair of edges from the set {a, b, c} belongs to a common triangle in H (and therefore in 
G) and, thus, T(G) contains a triangle with vertices a, b and c. Since H has four 
vertices and incident to each is a distinct set of three edges of H, H gives rise to four 
distinct triangles in T(G). 
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Let a, b and c be the vertices of a triangle T* in T(G). Either a, b and c are the edges 
of a unique triangle in G, or a, b and c are all incident o a common vertex v in G. In 
this case (since every pair of {a, b, c} shares a common triangle), T* arises from the 
unique copy of K ,  in G containing the vertex v and the edges a, b and c. [] 
Proposition 1.4. For any graph G and all n, 
n+3 
F3(Tn(G)) = ~ i!F,(G). 
i=3  
Proof. We proceed by induction on n. The statement holds trivially for n = 0. By 
Lemma 1.3 the statement is true for n = 1. Now suppose n/> 2 and 
1 n+2 
F3(T"-I(G)) = -~ E i!Y,(G). 
i=3  
By Lemma 1.3 and Proposition 1.2, 
Fs(Tn(G)) = F3(Tn-'(G)) + 4F,(Tn- ' (G))  
~+~ (n + 3)! 
1 i!Fi(G) + F~+a(G) 
6 6 
i=3  
1 n~ i! r,(G). 
6 
/=3 
[] 
Lemma 1.5. For any graph G, F2(T(G)) = 3F3(G). 
Proof. The number of edges in T (G) is, by definition, the number of pairs of edges in 
G which belong to a common triangle. Each triangle in G contains exactly three pairs 
of edges and each of these pairs belongs to exactly one triangle in G. [] 
Proposition 1.6. For any graph G and all n >>. 1, 
1 n+2 
r2(Tn(a)) =~ ~ i!F~(G). 
i=3 
Proof. By Lemma 1.5 and Proposition 1.4, 
n+2 
Y2(T"(G)) = 3Y3(rn-l(G)) = ~ .= i!Yi(G). [] 
Proposition 1.7. For any graph G, 
r,(T(G)) = rAG). 
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Moreover, for all n >1 2, 
n+l  
1 
rI(T~(G)) =5 ~-~ i!r,(G). 
i=3  
Proof. That FI(T(G)) = F2(G) follows immediately from the definition of T(G). By 
Proposition 1.6, for n >/2 we have 
1 n£ i! F~(G). [] G(Tn(G)) = F2(T n- ~(G)) = 
i=3  
Proposition 1.8. For any graph G and all n >~ 1, every edge of Tn(G) belongs to 
a triangle. 
Proof. Let e be an edge of Tn(G). If vl and V 2 are the vertices of Tn(G) to which e is 
incident, then the edges vl and v2 belong to a common triangle T in T n- ~(G). If v3 is 
the third edge of T, then vl, v2 and v3 are the vertices of a triangle T* in Tn(G). Hence 
e ~ E(T*). [] 
Proposition 1.9. For any graph G and for all n >~ 2, every vertex of Tn(G) belongs to 
a triangle. 
Proof. Suppose to the contrary that, for some n >/2, Tn(G) contains a vertex v that 
does not belong to a triangle in Tn(G). Then, by Proposition 1.8, v must be an isolated 
vertex. Thus, the edge v does not belong to a triangle in Tn-I(G), contradicting 
Proposition 1.8. [] 
Proposition 1.10. I f  every vertex and edge of a graph G belongs to a triangle, and if 
El(G) = 3Fa(G), then G ~- F3(G)K3. 
Proof. There are Fa(G) triangles in G, each containing three vertices. Since there are 
3F3(G) vertices in G and each one belongs to a triangle, no vertex is shared by two 
triangles. Thus, no edge is shared by two triangles, either. Since every edge belongs to 
a triangle, there can be no edges connecting one triangle to another; thus the triangles 
are all disjoint. [] 
2. Sequence convergence 
Using the results established in the previous section, we are now prepared to 
examine the question of convergence in sequences of iterated triangular line 
graphs. Here rK3 (where r is some positive integer) denotes the disjoint union of 
r copies of K 3. 
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Theorem 2.1. I f  G is a graph with F3(G) = 0 then T"(G) is the empty graph for all 
n>~2. 
Proof. If G has no triangles then T(G) has no edges. Hence, T2(G) has no 
vertices. [] 
Remarks. Three possibilities arise if G is a graph with F3(G) = 0. If G is the empty 
graph then Tn(G) is empty for all n ~> 0. If G consists of isolated vertices then Tn(G) is 
empty for all n ~> 1. If G has edges, then each of them is an isolated vertex in T(G), and 
Tn(G) is empty for all n >/2. 
Theorem 2.2. I f  G is a graph with og(G) = 3 then T"(G) ~ F3(G)K3 for all n >>. 2. 
Proof. By Propositions 1.7 and 1.6, 
Fa(T2(G)) = F2(T(G)) = 3F3(T2(G)). 
By Propositions 1.8 and 1.9, all vertices and edges of T2(G) belong to triangles. 
Now by Proposition 1.10, TZ(G)~-F3(T2(G))K3; but F3(TZ(G))=F3(G) by 
Proposition 1.4. [] 
Theorem 2.2 provides a very tight upper bound on the number of iterations 
required for convergence when o~(G)= 3. Various cases arise, however, and it is 
possible for the sequence to converge in zero, one or two iterations. The following 
remarks and proposition address each case. 
Remarks. Let G be a graph with og(G) = 3. If G contains an edge e not belonging to 
a triangle then e is an isolated vertex in T(G) and Tn(G) ~- T2(G) ~ T(G) for all 
n/> 2. If G consists of Fa(G) disjoint triangles then T"(G) ~- G for all n t> 0. 
Proposition 2.3. Suppose G is a graph with ~o(G)= 3, every edge of G belongs to 
a triangle and G is not composed entirely of disjoint triangles. Then the sequence of 
iterated triangular line graphs converges in one iteration/fF2(G) = 3F3(G). Otherwise, 
the sequence converges in two iterations. 
Proof. By Lemma 1.3 (using the fact that co(G) = 3), F3(T(G)) = F3(G). So we have 
rl(T(G)) = r2(G) = 3r3(G)  = 3r3(T(G)). 
Since every edge of G belongs to a triangle, so must every vertex of T(G). Every 
edge of T(G) also belongs to a triangle (by Proposition 1.8), so we may apply 
Proposition 1.10 to get T(G) _~ Fa(G)K 3. 
Conversely, if F2(G) # 3F3(G) then, by Proposition 1.7, 
FI(T(G)) = F2(G) ¢ 3Fa(G) = FI(T2(G)), 
and T(G) ~ T2(G). [] 
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Theorem 2.4. Let G be a 9raph with o~(G) >~ 4, let N = eJ(G) and let 
= ~ i!ri(G). 
3 
Then Tn(G) ~- ~K3 if and only if n >1 N -1 .  
Proof. By Proposition 1.4, 
N+2 
1 2 1 r3 ( r  N- '(G)) = -~ i! F,(G) = -~ i! ri(G). (1) 
i=3  i=3 
By Propositions 1.7 and 1.6, 
r , (TN- I (G) )  = ~ i!Fi(G) = -~ i!r~(G) = Y2(T N- 1(6)). (2) 
i=3  i=3 
By Propositions 1.8 and 1.9, all vertices and edges of T N- I(G) belong to triangles. 
Morevoer, from (1) and (2) we have 
FI (T  N- ~(G)) = F2(T N- a(G)) = 3F3(T N- I(G)) = ~. 
Thus, by Proposition 1.10, T N- I(G) ~ ~K 3. We have now established convergence in 
at most N - 1 iterations; we wish to conclude that the sequence converges in exactly 
N - 1 iterations. 
To this end, we have 
r~(TN-2(G)) = ~ i!r,(G) ¢-~ i!F,(G) = FI(TN-~(G)), 
i=3  i=3 
so TN-2(G) ~ TN-X(G). Note that thisimplies Tn(G) _~ TN- l (G) fora l ln  < N -1 .  [] 
As an immediate corollary of Theorems 2.1, 2.2 and 2.4, we have the following 
result, first proved by Jarrett [4]. 
Corollary 2.5. The sequence of iterated triangular line 9raphs of a graph G converoes 
to a disjoint union of r triangles, where r is some nonnegative integer. Moreover, r = 0 
if and only if G contains no triangles. 
3. Closing remarks 
We have shown that, for any graph G, the sequence of iterated triangular line 
graphs converges to a graph G* ~ ~K3, with 
= -~ i[ ri(G) 
i=3  
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and N = ~o(G). If F4(G)= 0, this convergence occurs in at most two iterations. 
Otherwise, the sequence converges in N -1  iterations. 
It is natural to ask whether analogous results can be established for sequences 
of iterated H-line graphs with H = Cn or H = Kn, for n/> 4. Unfortunately, the 
approach taken in this paper seems difficult to implement in such cases. For example, 
suppose H = K4 and we wish to determine the origin of a copy of H in HL(G). We 
know that G must contain a set of 4 edges, every two of which are adjacent and every 
two of which belong to a common copy of K4. Unfortunately, there are many different 
ways for this situation to arise, and simple patterns do not appear as they do when 
H = K3. The case H = C4 is explored in [3], and several other cases are examined 
in [2]. 
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